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(cf. [7]) . $0\leq t<\infty$
$r(t)$ $r_{n},$ $n=0,1,2,$ $\cdots$ , . , $t$ $n$
$\epsilon>0$
$t=n\epsilon$






, , $\epsilonarrow 0$ .
$1+\epsilon$ – ( )
$r_{n}=r_{0}(1+\epsilon)^{n}$ . $(1+\epsilon)^{n}=(1+\epsilon)^{t/\epsilon}$ $e^{t}$
. $\lim_{\epsilonarrow 0}(1+\epsilon)^{1/\mathcal{E}}=e$ . , Euler ,
, $r(\mathrm{O})$ $\epsilon$
$r(t)=r(0)e^{t}$ .





, , $2.57\leq\epsilon\leq 3$
.










, $0<r_{0}<1$ $\epsilon$ , $narrow\infty$















2) , $I_{0}(r(t)):t$ – , , $\epsilon$
, $I_{\epsilon}(r_{n}):n$ – , .
3) $\epsilon$ .
4) , .
’ $\mathrm{R}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{e}\mathrm{r}[23]$ , (1965) , 1), 2)






































, ii) , , q-
(


























$N\cross N$ , $x$ $N$ . Rayleigh
$R_{A}(x)= \frac{<x,Ax>}{<XX>},\equiv\frac{x^{\mathrm{T}}Ax}{||x||^{2}}$
$\lambda_{N}=\max_{||x_{||1}}=R_{A(X}$ ) . $A$ $\lambda_{N}$
$R_{A}(x)$ ( )
$\frac{dx}{dt}=Ax-<x,$ $Ax>x$ (1)




$A$ $P$ $r(t)\equiv P^{\mathrm{T}}X(t)$ (1)
$\frac{dr_{j^{2}}}{dt}=2\lambda_{j}r_{j}^{2}-2r_{j^{2}}\sum_{k=1}\lambda krNk^{2}$ , $||r(t)||=1$ (2)
. (2) . (2) – $\prime r(\infty)=$
$(0, \cdots, 0,1)^{\mathrm{T}}$ , [10]
– . $\lambda_{j}$ ( ) .
(2) [14] .
Cauchy $N$ $N$ 1 .
[11].
Markov . ,




. $.$ . $\cdot$ (3)
. $N$ ,
$g_{k}(t)= \sum_{j=1}^{N}\lambda j^{k}r^{2}j(0)\exp(2\lambda jt)$
.
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, $\epsilon$ , $t=n\epsilon,$ $n=0,1,$ $\cdots$ , $n$
. Euler
$\frac{dg_{k}(t)}{dt}$ $\Rightarrow$ $\triangle_{n}g_{k}(n)\equiv\frac{g_{k}(n+1)-gk(n)}{\epsilon}$ (4)
. (t) $=g_{k}(n\epsilon)$ $g_{k}(n)$ .
$\lim_{\epsilonarrow 0}gk(n)=g_{k}(t)$ – (\S 1 $\mathrm{i}\mathrm{i}$ ) $)$ , , $\epsilon$
:
$g_{k}(n)= \sum_{j}N=1\lambda_{j}k(\epsilon)rj^{2}(\mathrm{o})(1+2\epsilon\lambda_{j}(\epsilon))n$
. , $\lambda_{j}(\epsilon)$ $\lambda_{j}(\epsilon)=\lambda_{j}/(1-2\epsilon\lambda_{0})$ , $\lambda_{0}$ $\lambda_{0}<\lambda_{1}$
. $\lambda_{j}$ . $n=t/\epsilon$
$\epsilonarrow 0$ $g_{k}(n)arrow g_{k}(t)$ .
$h_{k}(n)arrow h_{k}(t),$ $r_{j(n)}arrow r_{j}(t)$ $h_{k}(n),$ $r_{j(n)}$ –
.
$h_{k}(n) \equiv\frac{g_{k}(n-1)}{g_{0}(n)}$ , $\sum_{\dot{\tau}=1}^{N}\frac{\lambda_{j^{k}}(\epsilon)r_{j}^{2}(n)}{1+2\epsilon\lambda_{j}(\epsilon)}\equiv h_{k(n)}$ (5)




. , \S 1 $1$ )\sim 4) . (6)
$r_{j^{2}}(n)= \frac{r_{j^{2}}(0)(1+2\epsilon(\lambda_{j}-\lambda 0))n}{N}$ (7)
$\sum_{i=1}r_{i^{2}}(0)(1+2\epsilon(\lambda_{i}-\lambda 0))n$














$r(n+2)= \frac{(I+2\epsilon(D-\lambda 0^{I}))r(n)}{||(I+2\epsilon(D-\lambda 0I))r(n)||}$ , $D=$
. $D$ $A$ $P$ , $n$
. $r(n)$ $x(n)$ Rayleigh
(1)
$x(n+2)= \frac{(A-(\lambda_{0}-\frac{1}{2\epsilon})I)x(n)}{||(A-(\lambda 0-\frac{1}{2_{\mathcal{E}}})I)x(n)||}$ (9)



















. ( , bilinear form)
, .





, – . [6] ,
.












$(t)$ , $\tau_{0}(t)\equiv 1$ (11)
. (N ) (3) $\tau_{N+1}=\tau_{N+2}=$
. . . $=0$ . Hankel Jacobi
$\tau_{k}\cdot-=\tau_{k-1}\cdot\tau_{k+1}$
$\frac{d^{2}\tau_{k}}{dt^{2}}-(\frac{d\tau_{k}}{dt})^{2}=\tau_{k-1}\cdot \mathcal{T}k+1$ , $k=1,2,$ $\cdots$ (12)
. (12) . $\tau_{k}(t)$
$dg_{k}/dt=gk+1$ . $tarrow\infty$ ,
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, $.\tau_{k}(t)arrow 0$ . $\mathcal{T}_{k-1}\cdot \mathcal{T}k+1^{-\tau^{2}}k$
, $\tau_{k}(t)$ Wronski .
.
$V_{k}(t) \equiv\frac{d^{2}\log\tau_{k}}{dt^{2}}$ , $J_{k}(t) \equiv\frac{d\log(\tau_{k-1}/\tau_{k})}{dt}$ (13)
(12)
$\frac{dV_{k}}{dt}=V_{k}(J_{k}-Jk+1)$ , $\frac{dJ_{k}}{dt}=V_{k-1^{-V_{k}}}$ , $V_{0}(t)=0$ (14)
. $V_{\mathit{0}}(t)=0$ . , $V_{k}(t)\equiv$
$\exp(Qk(t)-Qk+1(t))$ Hamilton






go $(t)= \sum_{j=1}\mathrm{e}\mathrm{x}N\mathrm{p}(\lambda j+t\omega_{j})$, $\lambda_{j}\neq\lambda_{\ell}$
, $\tau_{k}(t)>0,$ $k=1,$ $\cdots,$ $N$ , .
Hankel [14].
– ( Riemann
) , Hankel – (cf. [21]).
$\{g_{k}\}$ $\nabla-$ , $-\log\tau_{N}$
.
, . Hankel
$g_{0}(t)$ , \S 2 Euler (4) ,
. , (11) $\tau_{k}(t)=\tau_{k}(n\epsilon)$
$\tau_{k}(n)$ $\equiv$
$=$ $\frac{1}{\epsilon^{k}\mathrm{t}^{k-1})}$
$g_{0}(n)$ $g_{0}(n+1)$ . . . $g_{0}(n+k-1)$
$g_{0}(n+1)$ $g_{0}(n+2)$..$\cdot$ ..$\cdot$ :.




$\tau_{k}(n)\tau k(n+2)-\tau_{k}(n+1)^{2}=\epsilon^{2}\mathcal{T}_{k-}1(n+2)\tau_{k+1}(n)$ , $\tau_{0}(n)\equiv 1$ (16)
. .
$V_{k}(n) \equiv\frac{\tau_{k-1}(n+1)\tau k+1(n)}{\tau_{k}(n)\mathcal{T}k(n+1)}$ , $J_{k}(n) \equiv\frac{1}{\epsilon}(1-\frac{\tau_{k-1}(n)_{\mathcal{T}_{k}()}n+1}{\tau_{k-1}(n+1)_{\mathcal{T}}k(n)})$ (17)
(16)
$\triangle_{n}V_{k}(n)=V_{k}(n+1)J_{k}(n+1)-V_{k}(n)Jk+1(n)$ ,
$\triangle_{n}J_{k}(n)=V_{k-1}(n+1)-Vk(n)$ , $V_{0}(n)=0$ (18)
, $\epsilonarrow 0$ (14) . (15)
$\epsilon$ $narrow\infty$ $\tau_{k}(n)arrow 0$ , \S 1 3) (16) (12)
. $\tau_{k}(t)\Rightarrow\tau_{k}(n)$ bilinear form .
bilinear form $D_{tk}^{2_{\mathcal{T}(}}t$ ) $\cdot\tau_{k}(t)$ $(2/\epsilon)^{2}\sinh^{2}(\epsilon D_{n}/2)_{\mathcal{T}_{k}}(n)\cdot\tau k(n)$
[5] . $D_{t}$
. , $\tau_{k}(t)\Rightarrow\tau_{k}(n)$ ,
(4) (cf. [9]).
(18)
$J_{k}(n)=-. \frac{q_{k}^{(n)}-1}{\epsilon}$ , $V_{k}(n)= \frac{e_{k}^{(n)}}{\epsilon^{2}}$ (19)




, (20) $\mathrm{R}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{u}\mathrm{S}\mathrm{e}\mathrm{r}[23]$ 1954















$\sqrt n+1=R_{n}J_{n}R_{n}-1$ , $I_{\epsilon}\equiv \mathrm{t}\mathrm{r}(\sqrt)n^{j}’ i=$
$1,2,$ $\cdots$ , $n$ – , (cf. [8]).
$\mathrm{R}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{a}\mathrm{u}\mathrm{S}\mathrm{e}\mathrm{r}[24]$ 3 $J_{0}$ $\mathrm{L}\mathrm{R}$
. . $\cdot$ , . $\cdot$
, $\mathrm{R}\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{S}}\mathrm{h}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{e}\mathrm{r}[23]$ $\mathrm{q}\mathrm{d}$ (20) , (19) $J_{k}(n)$ , $V_{k}(n)$
, $\epsilonarrow 0$ (14) . Moser [10]
. , $\mathrm{R}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{e}\mathrm{r}[24]$ (14)
Lax $dJ/dt=[R, J]$ $\mathrm{L}\mathrm{R}$
. $\mathrm{s}_{\mathrm{y}\mathrm{m}\mathrm{e}\mathrm{S}}[25]$ $\mathrm{Q}\mathrm{R}$
. , ,
, Lax , ,
1967 $\langle$ , 1950 .
, . .
(20) $\{q_{k}^{(n)}, e_{k}\}(n)$ (17), (19) $\tau_{k}(n)$
$q_{k}^{(n)}-- \frac{\mathcal{T}_{k-1}(n)\tau_{k}(n+1)}{\mathcal{T}_{k-1}(n+1)\mathcal{T}_{k}(n)}$ , $e_{k}^{(n)}= \frac{\tau_{k-1}(n+1)\mathcal{T}_{k+1}(n)}{\tau_{k}(n)\mathcal{T}_{k}(n+1)}$
















$\{q_{k}^{(n)}, e_{k}^{(n)}\}$ . g0 $(n)$
Taylor , , $q_{k}^{(n)}$ $narrow\infty$ $k$
, $e_{k}^{(n)}$ . ,























$P$ , $C$ $P$
[4]. , $g(n\epsilon)\equiv go(n),$ $e^{-(\epsilon}\equiv x$ ,
$\sum_{n=0}^{\infty}g(n\epsilon)e^{-(}\epsilon n\epsilon$
$= \frac{g(0)e^{(\epsilon}|}{1\frac{e^{(\epsilon}-1}{\epsilon}-\frac{q_{1}^{(0)}-1}{\epsilon}}-\frac{\frac{q_{1}^{(0)}e_{1}^{(0)}}{\epsilon^{2}}1}{1\frac{e^{(\epsilon}-1}{\epsilon}-\frac{e_{1}^{(0)}}{\epsilon}-\frac{q_{2}^{(0)}-1}{\epsilon}}-\frac{\frac{q_{2}^{(0)}e_{2}^{(0)}}{\epsilon^{2}}1}{1\frac{e^{\zeta\epsilon}-1}{\epsilon}-\frac{e_{2}^{(0)}}{\epsilon}-\frac{q_{3}^{(0)}-1}{\epsilon}}-\cdots$
. $\epsilon=\triangle tarrow \mathrm{O}$ . , $n\epsilonarrow t$ .
$\lim_{\epsilonarrow 0_{n}}\sum^{\infty}g=0(n\epsilon)e-\zeta n\epsilon \mathcal{E}=\int^{\infty}\mathrm{o}tg()e^{-(t}dt$
$g(t)$ Laplace . $g(n\epsilon)$ $g(t)$
. - , (19) . $\cdot$
$\lim_{arrow 0}\frac{q_{k}^{(0)}-1}{\epsilon}=-J_{k}(0)$ , $\lim_{\epsilonarrow 0}\frac{e_{k}^{(0)}}{\epsilon^{2}}=V_{k}(\mathrm{o})$
, Laplace [17].
3 $g(t)$ Laplace , ,
$G( \zeta)=\frac{g(0)|}{|\zeta+J1(\mathrm{o})}-\frac{V_{1}(0)|}{|\zeta+J_{2}(0)}-\frac{V_{2}(0)|}{|\zeta+J_{3}(0)}-\cdots$ (21)
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( ) . , $V_{k}(\mathrm{o}),$ $J_{k}(0)$
$t=0$ , (11), (13) $g(t)$ $g_{j}=d^{j}g(t)/dt^{j}$
$\tau_{k}(t)$ . ,
$V_{k}(t)= \frac{d^{2}\log\tau_{k}}{dt^{2}}$ , $J_{k}(t)= \frac{d\log(\tau_{k-1}/\tau_{k})}{dt}$ , $\tau_{k^{--}}$ $g_{k-}g.\cdot.0_{1}$ $g2kg_{k-}...1-2|$ .
3 $g(t)$ $g(t)$
. , Laplace (21) .
$g(t)=\cos t$ .




$V_{1}(t)$ $=$ $- \frac{a^{2}}{(at+b)^{2}}$ , $V_{2}(t)=^{\mathrm{o}}$ ,




, $g(t)=a \exp(-\frac{1}{2}t^{2})$ $\tau_{k}(t)$ Hermite $g(t)$
Hankel . ,





$g(t)=\sin t$ $g(\mathrm{O})=0$ $g(t)$ Laplace
, $g(t)+\alpha,$ $\alpha\neq 0$ , , $\alpha/\zeta$
.




$\sum_{n=0}^{\infty}g(n\epsilon)e^{-\zeta n}\epsilon\approx\frac{c_{0}1}{1(-\frac{q_{1}^{(0)}-1}{\epsilon}}\epsilon-\frac{\frac{q_{1}^{(0)}e_{1}^{(0)}}{\epsilon^{2}}1}{1\zeta-\frac{e_{1}^{(0)}}{\epsilon}-\frac{q_{2}^{(0)}-1}{\epsilon}}-\frac{\frac{q_{2}^{(0)}e_{2}^{(0)}}{\epsilon^{2}}1}{1\zeta-\frac{e_{2}^{\langle 0)}}{\epsilon}-\frac{q_{3}^{(0)}-1}{\epsilon}}-\cdots$ (22)
. , $\epsilonarrow 0$ (22) (21) .
$-$ $c_{j}\equiv g(j\epsilon)$
$q_{1}^{(0)}= \frac{c_{1}}{c_{0}}$
$q_{k}^{(0)}-- \frac{\tau_{k-1}(\mathrm{o})\mathcal{T}k(1)}{\tau_{k-}1(1)\mathcal{T}k(0)}$ , $e_{k}^{(0)}= \frac{\mathcal{T}_{k-1}(1)\mathcal{T}_{k+}1(\mathrm{o})}{\tau_{k}(0)Tk(1)}$ ,
$\tau_{k}(^{p)=}\frac{1}{\epsilon^{k}\mathrm{t}^{k-}1)},$ $\ell=0,1$ , $k=1,2,$ $\cdots$
.
Hankel \tau k.( Laplace





, $(\exp(\zeta\epsilon)-1)/\epsilon\approx\zeta$ , $z=\exp(\zeta\epsilon)$ ,
$\{c_{j},j=0, \cdots, 2N-1\}$ z- .
$\sum_{j=0}^{2N-1}C_{j^{\mathcal{Z}^{-j}}}=\frac{c_{0}z1}{1z-q_{1}^{()}0}-\frac{q_{1}e_{1}1(0)(0)}{1z-e_{1}^{(0_{)}}-q_{2})\langle 0}-\cdots-\frac{q_{N-1}^{(0)}e^{\mathrm{t}0}N-11)}{1z-e_{N}^{(0)}-1-q_{N}^{(}0)}$ (23)
$2N$ Hankel (23)






, $G(\zeta)$ Taylor $\mathrm{q}\mathrm{d}$ (20)
$\lim_{narrow\infty}q_{k}^{(n}$
)






\S 1 -- ( ) \S 2 ( ) (
) \S 3 ( ) ( ) (
) .
. [18] – .
1
1) $\mathrm{q}\mathrm{d}$ ( , ) Lax
(Rutishauser, $1954[23],$ $1958[24]$ )
2) Jacobi $\mathrm{Q}\mathrm{R}$ ( $\mathrm{Q}\mathrm{R}$ flow) Lax
(D-L-T, $1989[3]$ )
3) Karmarkar Lax $(\mathrm{N}$ ,
$1994[13])$
4) Jacobi Lax $(\mathrm{N}, 1997[15])$
2
1) $\mathrm{q}\mathrm{d}$ (Rutishauser, $1954[23]$ )
2) $t=0$ $t=1$ Jacobi
$\mathrm{Q}\mathrm{R}$ (Symes, $1982[25]$ )
3) potential $\mathrm{K}\mathrm{d}\mathrm{V}$ $\epsilon-$
(P-G-R, $1993[22]$ , see also A-O-K, $1987[1]$ )
3
1) 2 Lax (Brockett, 1991 [2])
2) ‘ $-$ 2 Lax $(\mathrm{N}, 1992[12])$
4
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1) BCH-Goppa $(\mathrm{N}, 1995[16])$
2) Rayleigh (NKS,
$1996[20]$ , \S 2)
3) Laplace ( $\mathrm{N},$ $1996[17]$ , \S 3)
Rutishauser 40 . ( 1
) ( 2 ) ,
( 3 ) ( 4 )
.
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